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Abstract

This paper presents a general method for imposing boundaiteons in the context of hyperbolic systems of conservation
laws. This method is particularly well suited for approximations in the framework of Finite Volume Methods in the sense
thatit computes directly the normal flux at the boundaWe generalize our approach to nonconservative hyperbolic systems
and discuss both the characteristic and the noncharacteristic cases. We present several applications to models occurring in
Computational Fluid Mechanics like the Euler equations for compressible inviscid fluids with real equation of state, shallow
water equations, magnetohydrodynamics equations and two fluid models.
0 2004 Elsevier SAS. All rights reserved.
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1. Introduction

A lot of physical models occurring in continuous mechanics appear to be systems of conservation laws. These equations
express in general fundamental laws of physics, namely the conservation of mass, charge, momentum, total energy, etc. When
dealing with multidimensional models, essentially the only way of obtaining quantitative results is to use numerical simulation.
That is working with a discrete approximation of the system. If one insists on the fact that conservation laws must be rigorously
fulfilled (and according to physical considerations this is often a minimal requirement) one is naturally led to use the so-called
finite volume approach.

The purpose of this paper is to propoa numerical method for handlinhe boundary coridon value problem in a

multidimensional finite vimme approximation of hyperbolic systems. Wenivéo achieve the following goals. The numerical
method should be (i) general, (ii) easy to implement and effidienerms of computational cost, (iii) physically relevant,
(iv) mathematically founded. A few comments are in order. By general, we understand that no a priori hypothesis should be
required on the finite volume method used, in particular we want to be able to consider all kind of control volumes and meshes.
By general, we also mean that we do not want to rely on putative particular features of the system under consideration, like
e.g. existence of Riemann invariants or Riemann solvers. Concerning the computational aspects, we look for simplicity in the
implementation because we have in mind important cases where the computational platform is not only used to produce good
predictions on a single well established model but also to serve as a tool for comparison between different models. This is
in particular the case in the context of two phase flow modelling that was one of the motivation of this work. As it is well
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known, physical relevance is essential even for “numerical baynttanditions” since failure irthis direction might produce
spurious, albeit converged, solutions. Last but not least, mathematical relevance is also seminal, first to a priori ensure that the
implemented numerical algorithm produces a solution (existence of solution) but also that the problem is well-posed i.e. that
there is continuous dependence of the solution with respect to the data.

The modern theory of partial differéal equations relies on Distribution they and boundary condis problems have
been first studied in this context. A reference in this direction is the famous treatise written in the late sixties by Lions and
Magenes [1,2]. The objective of their program was to study in a systematic way the boundary values problems associated with
linear partial differential equations. Let us deal more particularly with hyperbolic type equations. For these, wave propagation
phenomena are determinant and we refer tatkédm [3] in which a deep exposition is provided.

Concerning the discrete problem associated with these equations, roughly speaking there are two situations. In the first
one, one deals with linear and quite general (wave) equations while in the second one, one deals with nonlinear particular
ones. For linear (wave) equations like e.g. the wave equatioryeléis equations or elasticity equations, a lot of works rely
on the theoretic and explic#folution to the continuous equations and tleads in general to nonlocal boundary conditions.

Then usually, an approximation procedure, e.g. an asymptotic expansion with respect to a small parameter, is applied in order
to derive local boundary conditions. Next these conditions areetized by classical differe® techniques. This has led to

a very wide body of knowledge and we refer to the review article by S. Tsynkov [4] for numerous results and references.
On the opposite, concerning nonlinear equations, most of the works are devoted to particular equations and since no explicit
solutions are available, authors use in genadahocprocedures that rely usually on physical considerations. On the one hand,
there are a few recent reference books dealing with the numerical approximation of hyperbolic systems of conservation laws
e.g. Godlewski and Raviart [5], LeVeque [6]. However they mostly concentrate on the discretization inside the computational
domain. On the other hand, the most achieved treatise on the subject is according to us Hirsch [7] but it is solely devoted to the
Euler equations of gas dynamics.

In this paper, we provide general theonyfor the boundary condition treatment aetHiscrete level in the finite volume
framework. Our work transfers in a certain sense knowledge in the linear case to the nonlinear one and gives a systematic
approach that can be used in either cases (linear and nanlindareover, and in contrast with most of the works on the
subject, we do not rely on either specific or computationally expansive functions like e.g. Riemann invadaraty we just
use the hyperbolic nature of the system and nothing késg.but not least, we address directly the key problem, which consists
in determining directly th@ormal fluxon the boundary, while other methods rely on the finding of a state on this boundary, a
problem that can be ill-posed.

As a result of our method, we are abte thke into account any physicallgasonable boundary condition. In the non-
characteristic case i.e. in the case where no waves are cgawiithe boundary, Theorem 1 givasufficient ondition under
which the problem of finding the normal flux is well-posed. Moreover this condition is natural and straightforward to check
in each example. For the characteristic case, although no general result is obtained in the nonlinear case (at the continuous
level, this is a well known open problem), we are able to treat the case of characteristic boundaries in the context of a wall in
fluid mechanics. In contrast with methods that require the determination of a state on the boundary, we do not impose artificial
conditions since in this case the problem is under determined. Indeed dealing directly with the normal flux leads us to a system
with the same number of equations and unknowns.

This general theory was initially motivated by the finite volume approximation of the so called averaged models for two
phase fluid dynamics, see Boure and Delhaye [8], Drew and Lahey [9], Ishii [10], Ransom [11]. These models, which can
predict kinematic and thermabn-equilibrated flows, are derived by the apgiiza of an average process (with respect to time
or space or even a statistical averaging) to the classical compressible Navier—Stokes equations in each fluid or phase, separated
by interfaces. This leads to a simplified system of six balance equations (simplified in the sense that we have omitted in its
right-hand side the contributions related to dissipative phenomena) that reads as fokowo( 2):

9 (g pr)

# + V- (e prug) = I, 1
A (o prug)

—, TV (ak (oug @ui + pl d)) — pVay = agprg + My + ug i I @)
d(a o Er) day

—Y, T V - (g pr Heug) + P = (oxorg + My) - ug + Hy Iy + O, (3

whereay, pi, uy are respectively the volume fraction, the density, the velocity of the Hlaidd wherep is the thermodynamic
pressure. We have denoted by® b the matrix defined bya ® b);; = a;b; and byl d the identity matrix. Denoting by
e the specific internal energy of the phalsewe have setE; = ¢ + %|u|2 and Hy, = Ey + p/pk, respectively the total
specific energy and the total specific enthalpy of the fluihe I';,'s denote mass transfers term with + > = 0, the M}’s

momentum transferg),’s heat transfers and finally thg, ; are interfacial velocities. Gravity is denoted pyWe have the
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relationaq + ap = 1 and in order to close the system (1)—(3), weeh&w write two equations of state, one for each fluid:
Fi(p, prex) =0fork=1,2.
Such systems that arise in two phase fluid mechanics are nonconservative and fall into the following formalism

v nd v dv
E+V-F(v>+zcj(v>87j+D<v)§=8(v>, 4
j=1
with v = (vq, ..., vy) € R™ and wheréj(v) andD(v) arem x m matrices,F (v) the conservative fluxes arftiv) the source

term. HereV - F(v) = Z'}ilaF/(u)/axj and F/ mapsG into R™ whereG is an open subset @& corresponding to the
physically admissible states.

The paper is organized as follows. In the next section we describe our method in the case of an hyperbolic system of
conservation equations. Also several systems of practical interest are given. Section 3 is devoted to the extension of this method
to the nonconservative case while the last section addresses all the practical issues one is faced to when applications to actual
equations are intended. Conclusions end the paper.

2. Theconservative case

Let us first consider the conservative form of system (4) where the maffip(eﬁ) and D(v) are taken to be zero and for

simplicity in the exposition, we tak&(v) = 0. The system ofz conservation equations defined onddimensional domai®2
(with nd = 1, 2 or 3 in practice) then reads as

] .

a—';+v.F(u)=o N2 xRT, v=(vq,...,um) €R™. (5)

Before describing the finite volume aaich and the discrete boundary conditions tresit, let us give some applications.

2.1. Applications

Application 1. The first application concerns a model of ideal magnetohydrodynamics. The system satisfeghieyics fluids
reads in conservative form as

ap _

5V (o) =0, ©)
a(;;tu) +V-(pu®u+ P)=0, @)
a(gtE) V- (pEu+ Pu) =0, ®)
%—f—i—V-(u@B—B@u):O, ©

where the scalas is the density, the vectarin Rr"d represents the velocity, the divergence free vector #ie{de. V- B =0) is
the magnetic field, the scal&r= e+ %Iu |2 + % |B|2 is the total energy and the matrxsatisfiesP = (p + %lB |2)I d—B®B.
In order to close this system, one should provide an equation of state (EOS) linking the pyegterénternal energy and
the densityp. Let us emphasize that this system is of the form (5) WithR2H2 ) — (p, puy, ..., pund, pE, By, ..., Bng),
m = 2nd + 2 and for alle in R"d

nd

; 1
ZwiF’(v) =FW) -wo=u-w(p, pu, pE,—B) + (17—{— EIBIZ)(O,w,u -w,0)—B-w(0,B,B-u,—u). (20)
i=1

Application 2. The compressible Euler system of equatiaesluces to the 3 first equations (6)—(8) where this tifies

e+ %|u|2 and the matrixP is spherical:P = pl d, with p denoting the thermodynamical pressure. Again in order to close
this system, one should provide an equation of state (EOS) linking the prgssheeinternal energy and the density. This
system is of the form (5) with € R"™2 v = (p, pu, ..., pung, pE), m =nd+ 2 and

F) -o=u-w(p, pu, pE)+ p0, w, u - o), Vo e R, (11)
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Introducing the specific entropy functierand the temperaturg that satisfyI’ ds= de — % dp, itis classical to derive for

continuous solutions of (6)—(8) the fact that the specific entropy is convected by thé:)—flemm -Vs =0.

Application 3. Sinces = constant is an obvious solution to this equation, in certain physical cases, it might be relevant to address
the reduced system, known as tkentropic compressible Euler system of equatiavisich consists in the two conservation

laws (6) and (7). This time the EOS is a relation between the pressure and the deassiiyp). This system is of the form (5)

with v e RNH1 5 — (p, put, ..., pupnd), m=nd+1 and

F)-w=u-w(p, pu)+ p0, w), Yo e R, (12)

The functionp = p(p) is arbitrary and depends on the considered fluid. The only constraint is that the derivativetbf
respect too is nonnegative, which corresponds to the physical property that pressure perturbations propagate at finite speed:
the speed of sound,= ./dp/dp. There are two asymptotic cases, which are sometimes considered and yield the last two
applications.

Application 4. In the first one, known assothermal flowsthe relation between pressure and temperature is linear, which
physically corresponds to the limiase where the two heat capaciti&s and C ), are equal. In such a case a change in the
temperature requires an infinite amount of energy, that is an impossible fact. Hence the temperature cannot vary. Since now the
speed of sound is constant, the system (6), (7) with the normal flux (12) is closed by the EQ%p.

Application 5. In the second one, known #se shallow water equations very thin layer of fluid is considered. This fluid is

in general a liquid and is therefore slightly compressible. In the limit where the fluid is incompressible, the density is constant
but the height/, of the fluid might depend on space and time. In this situation one arrives again (see e.g. Whitham [3]) to the
model (6), (7) with the normal flux (12) but this time= %ﬁghz andp = ph wherep is the constant density of the fluid agd
denotes the gravity.

2.2. On the continuous system of equations

Given an arbitrary point € G, if we linearize the system (5) around the trivial constant solutiome obtain

nd i
ow S 0w . ; ; oF7(v)

— Al— =0 withA/ =4/ = =, 13
oA 7 A (v)=—- (13)

j=

Now this equation can be explicitly solved thanks to the Fourier transform, which leads to the eigenvalue problem fonthe
matrix A, (v) where

nd

oOF/ F (v) -
Aw(l)) = Z a)j 8v(v) = (avz CU. (14)

j=1
It is now natural to introduce the classiai#finition of hyperbolicity (see the Appendior a study of the hyperbolic character
for the previously described applications):

Definition 1. The multidimensional system of conservati@ws (5) is said to be hyperbolic if for evety e R and every
v € G them x m matrix A, (v) hasm linearly independent real eigenvectors. In such case, an eigensys#enufis composed
of

o the set of the real eigenvalues;(v, w) < --- < Ay (v, ),
e aset(lq(v,w),...,In(v, w)) of left eigenvectors satisfying:

TAp) [ (v, ®) = A (v, W) (v, w), Tork=1,...,m,
e aset(ri(v,w), ..., rm(v, w)) of right eigenvectors satisfying:
Ap(W (v, ) = (v, 0)rp(v,w), fork=1...,m

and the following normalizationly (v, ) - rp (v, @) = Sk, p fork,p=1,...,m.
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Now for the hyperbolic linearized systerhiq), it is then straightforward to showdt the initial value problem in the whole
space is well posed in various functional spaces. Then by fixed point techniques, one can extend these results to the nonlinear
system (5). We refer e.qg. to the books by Serre [12] and Dafermos [13] for that purpose. However when one is interested in the
mixed initial and boundary value problenmet situation is much more involved. In the linear case, a lot can be done while in
the nonlinear one very little is known. Let us briefly give a flavor of the problem by considering the very simple example of the
linear transport equation. Givere R*, the one-dimensional linear transport equation (called the advection equation) reads

u ca—u =0. (15)

ot 9x
Here hyperbolicity is automatic and if this equation is posed on a bounded intervdh,$dyone can prescribe only one of
the two boundary values(a, 1) or u(b, t) depending on the sign @f More precisely, one can only give the information that
enters into the domaifu, b[: if ¢ > 0 one can give for instanag«, t), while if ¢ < 0 one can give for instanag, ). In the
nonlinear case, the situation is more complex, even in the one-dimensional case, since thec“&ue:thierefore its sign) will
depend on the solution. We refer to the paper of Oliger @andstrom [14] for a study on Wwoformulate boundary conditions
to yield well-posed problems for the Eulerian equations for gas dynamics.

2.3. The discrete system of equations

The computational domaif? is taken to be a polygonal domain and is decomposed in small volknfee so-called control
volumes) such tha = | g .7 K. We assume that the control volumEsare polyhedra such that the interior boundary is the
union of hypersurfacek N L whereL belongs to the seV'(K) ={L € 7 | L # K andK N L has positivgnd — 1)-measurg.

2.3.1. The finite volume approach
In order to approximateg () the average of the solution on the control voluggsystem (5) is integrated oki and leads
to a system where the time evolutionwf (¢) is governed by the normal flux on the boundarykaf

Fyg(t) = / F(v(a, t)) -v(o) do, (16)
0K

whered K is the boundary oK, v(o) the unit external normal 08K anddo denotes thend — 1)-volume element on this
hypersurface. The heart of the matter in finite volume methods consists in providing a formula for the normatflixas

terms of the{v; }; <7 and the given data. There are two kind of control volumes. Those whose intersection with the boundary
of 2 has zerqnd — 1)-dimensional measure and those with positive measure intersection with the boun@argohcerning

the first ones, we decompose the normal flux (16) into a sum:

Fyg = Z Fg.L WithFKﬁLz / F(v(U,t))~vK’LdU, a7)
LEN(K) KNL

where the unit normal ok N L denoted byvg ; points intoL. To get an ordinary differential equation for thg (¢)’s, the

normal flux (17) has to be expressed in terms of g} 7. In general, system (5), when it is hyperbolic, is strongly
dominated byfinite speed nonlinear wave propagation phenomena and therefore we are led to consider a formula, which uses a
finite stencil. For practical reasons, including CPU and storage costs, it turns out that using the two neighboring vahees

vy, is enough at least for first order approximations. This means that we are looking for a formula that reads as

Fx p~aredKNL)P(vg,v, K, L), (18)

where® is the numerical flux to be constructed and @&féa L) stands for ther{d— 1)-dimensional volume of the hypersurface
K N L. At this level of generality, let us note that the numerical flux has to satisfy two properties. The first one is consistency
thatis® (w, w, K, L) = F(w) - vk, 1. The second one concerns conservatibw, w, K, L) = —®(w, v, L, K).
Concerning now the control volumes that have positive measure intersection with the boun@arwehave also to find
the numerical flux® (vg, K, 0§2) that approximates the integral

Fk a0 = / F(U(U, t)) -vg do. (29)
KnNos2

Herevg denotes (instead ofx 5.;) the unit normal to the fac& N 352 that points outside?. It is the goal of this paper to
provide a formula ford (vg, K, 3£2), which is done in Section 2.4.
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Hence the finite volume semi discretization of (5) is a system of o.d.e.’s that read& \wb¢notes thexd-dimensional
volume ofK)

d
voI(K)%+ Z aredK NL)d(vg,vr,K, L)+ Z aredK No2)d(vg,K,d2)=0. (20)
d LeN(K) ared KN $2)+#0

2.3.2. The numerical fluxes
Let us recall in this section how to provide a formula for the numerical #xg , vy, K, L) at the interface between two
control volumesK and L. Since this vector is an approximation to the normal flux (17), a natural choice would be e.g.

F(vg)+ F(vy)
— 5 YKL

but as it is well known and understood, this leads to unstable schemes. Actually this flux has to take into account the direction of
propagation of information between the two volumes during the time step. This is the basis for the upwind schemes and we can
cite among them the Godunov scheme, the Roe scheme (see Godlewski and Raviart [5] and reference therein) and the VFFC
scheme from Ghidaglia et al. [15,16]. The last two schemes belong to the family of flux schemes according to the following
definition.

P(vg,v, K, L)= (21)

Definition 2 (Ghidaglia [17]). The numerical flux® (v, w, K, L) corresponds to a flux scheme when there exists a matrix
U(v,w, K, L) such that
F)+ F(w) F(w) — F(v)

S, w, K, L)=——F—— vg 1 U w K, L) >

- VKL (22)

The VFFC scheme corresponds to the following choice of mafrix

Definition 3. The numerical flux of the VFFC method is obtained by formula (22) when we take
U(v,w,K,L):Sgr(AvK‘L(M)), (23)

whereu = u(v, w, K, L) is a mean between and w that only depends on the geometry Kfand L, e.g. = (vol(K)v +
vol(L)w)/(vol(K) + vol(L)) and wheregn(M) is the matrix that has the same eigenvectorafasut whose eigenvalues are
the sign € {—1, 0, +1}) of those ofM.

2.4. Discretization of the boundary conditions

Let K be a control volume that meets the bound&afy andvg the unit normal to the fac& N a2 that points outside2. Our
goal is to provide a formula fob (vg, K, 3£2) that approximates the flux at the boundary i.e. the integral (19). In practice, this
flux is not given by the physical boundary cétmhs and moreover, in general, (5) is an ill-posed problem if we try to impose
eitherv or F(v) - vg onds2. This can simply be understood by analyzing the characteristics. Let us consider the linearization
of the system around a stateand its projection on the normal direction to the face

v dv

2 TAwg, =0 (24)

whereg—:j = Vv - vg and whered , is the advection matrix,, (v). Since (5) is assumed to be hyperbolic, by a change of
coordinates, the system (24) has the form of an uncoupled setdfection equationsyf = I (v, vg) - v)

d d

I o) 2k 0, k=1,...,m. (25)

ot av
Let us assume that; (v, vg) # 0. According to the sign of these numbers, waves are going either into the daiain
(Ak (v, vg) < 0) or out of the domain2 (Ax(v, vg) > 0). Hence we expect that it is only possible to impgseonditions
on K N as2 where

x =t{k €{1,...,m} such that; (v, vg) <0}.

At this point there are two different situations. The first one,alilis termed as the noncharacteristic case in the literature, refers
to the case where the matui,, is invertible, while the second one refers to the complementary case.
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2.4.1. The noncharacteristic case
We label the eigenvalueg (v, vk ) of A, by increasing order

21(2, vg) K220, vg) <o KAy (v, vg) <0< Ay 11(v, vg) -+ < A (v, vg)-
The caser = 0. Inthis case, all the information comes from insideand therefore, like in the Computational Fluid Dynamics
literature where it is known as the “supersonic outflow” case, we take

@ (vg,K,00R) = F(vg) - vk. (26)
The casex = m. In this case, all the information comes from outsi@eand therefore, like in the Computational Fluid
Dynamics literature where it is known as the “supersonic inflow” case, we take

®(vg, K, 982) = Dgiven, (27)
where®given is the flux computed from the given physical boundary conditions.

The casel < x <m —1. As already discussed in the introduction of this Section, we neschlar information coming from
outside ofs2. Hence we assume that we have on physical grogunglations on the boundary:

gr(w)=0, k=1,...,%. (28)

Remark 1. The notationg; (v) = 0 means that we have a relation between the components ldébwever, in general, the
function g; is not given explicitly in terms of. In Application 2, for Euler equationgy (v) could be the pressure, which is not
one of the components of

Since we have to determine thecomponents o® (v, K, 9§2), we needn — x supplementary scalar information. Let us
write them as
h(v)=0, k=x+1,...,m. (29)
In general conditions (28) are named as “physical boundanditions” while conditions Z9) are named as “numerical
boundary conditions”. Then we take
vk, K. 92) = F(v) - g, (30)
wherev is solution to (28), (29) (see however Section 4.1 for a practical point of view).

Remark 2. The system (28), (29) for the unknownsv € G is am x m nonlinear system of equations. We are going to study
its solvability in Theorem 1.

Let us now first discuss the nunigal boundary conditions (29). The — x supplementary information we need, come
from inside of 2. A natural idea is then to use the advection equation (25) that is, of course, a first order approximation of
the nonlinear equation (5). Since foe> x + 1 we havel, (v, vg) > 0, we know that; (v, vg) - v(x, ) on the boundary (i.e.
for x € 9§2) at timer depends on the values Qf( v, vg) - v inside §2. This suggests that the so-called characteristic boundary
conditions

(v, vg) -v=1l(v,vg) vk, k=x+1....m, (31)
are good candidates for (29). Aetlly we prefer a slightly diffeent boundary conditiothat reads fok = x +1,...,m
h() = (v, vg) - (F) - vg ) = (v, vg) - (F(vg) - vg ) = 0. (32)

In fact (31) was derived withh = vg in the context of finite differences (we refer to the book of Hirsch [7], Chapter 19). We
think, and this is also confirmed by our numerical experience, that (32) is more adapted to the finite volume approach since the
unknown is the normal flu¥ (v) - vk on the boundary N 3£2. In Ghidaglia and Pascal [18], we prove the following result on

the solvability of (28)—(32).

Theorem 1. In the case wherd < x < m — 1 (let us recall that we are in the noncharacteristic casg (v, vg) # 0,
k=1,...,m)andif

m
i gk
det ! —_— 0 33
1<k§<X<§ :’1(2, VK)avi (y)) # (33)

i=

then the nonlinear syste(@8)—(32)has one and only one solutian for v — v, gx(v) and iy (v ) sufficiently small.
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Remark 3. It follows immediately from (33) that the functiong are functionally independent.

2.4.2. The characteristic case
If np > 1 denotes the dimension of the kernel of the matrix, , we label its eigenvalues as follows:

22, vg) <o KAy (v vg) <0< Ay qpgr1(v, vg) < < A (v, vg),

Ay11(v, vg) =+ = Ax4ng(v, vg) =0.
The casey = 0. In this case, we simply follow the noncharacteristic case where we consider that all the information comes
from inside and we take again

P (vg,K,00R)=F(vg) - vg. (34)
The casey +ng=m. Again we simply follow the noncharacteristic case where we consider that all the information comes
from outside and we take

@ (vg, K, 082) = Dgiven (35)
The casdl < x <m —1—ng. We havey scalar information coming from outside &f. Hence we assume that we have, on
the physical groundy relations on the boundary:

gr(v)=0, k=1...,%. (36)

Since we have to determine thecomponents of (v, K, 9§2), we needn — x supplementary scalar information. Let us first
write m — x — ng conditions according to what we have done in the noncharacteristic case:

k(v vg) - (F) - vg) =l(v,vg) - (Fog) -vk), k=x+no+1....m. (37)

At first sight, we need:g supplementary information to determine thecomponents of the normal fluk(v) - vg . But since

the mappingv — F(v) - vg has a noninvertible Jacobian for= v, it happens that it may be not true. For instance in the
case of the Euler equations, for the wall boundaowdition, since the relation (36) simply reagsvg = 0, the normal flux
F(v) -vg = (0, pvg, 0) depends on only one variable, the pressutbat may indeed be determined with relation (37). In the
general nonlinear case, the question is open but in the linear case, the situation is morefsimplex = A ,, v has exactly

m — ng independent components and althoughatisfying (36), (37) is no longer unique, there is only one numerical flux
F(v) - vk satisfying (36), (37) provided again condition (33) holds true.

3. Extension to the nonconser vative case
Let us now address the case of nonconservative systems like the system (1)—(3).

3.1. On the continuous system of equations

We assume that the matrixd + D(v) is invertible (i.e. that (4) is an evolution partial differential equation) and we rewrite
Eq. (4) as

v nd v
E+V-F(v)+21€j(v)a=~?(v), %)
iz .

with

Sw = (1d+ D) 5w,

BFj(v)> IO forj=1.....nd

Ciw =l d+D(v))‘1<é,~(v)+ . ™

in order to keep the flu¥'(v) unchanged between (4) and (38). The reason for this is given in Ghidaglia et al. [16].
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3.2. The discrete system of equations

Here the integration of (38) oK leads to

d
d s 9
Vol(K)—K 4 Fyx -I—/ZCj(v)—vdx:/S(v)dx. (39)
dr £ ax]‘
k J=1 K

Hence the time evolution afk (¢) is governed by three terms. Their discrete treatment, which was introduced in Ghidaglia et
al. [16], is discussed in details in Ghidaglia and Pascal [18].Us summarize terms by terms their approximation. The source
termi.e./, x S(v) dx contains no derivative and a natural discretization reads as

/S(v)dx ~Vvol(K)S(vg). (40)
K
The term Fyg (¢) is the normal flux on the boundary & and the integralFx ; = [~ F(v(0,1)) - vk 1 do is again
approximated by the numerical fl&(vg , vz, K, L) that is obtained from the VFFC method by formula (22) where we take
U, w,K,L)=sgn(Ag , (). (41)

Hereu = u(v, w, K, L) is still an average betweanandw depending on the geometry but since a formal argument leads to
the following approximate convection equation for the fgk ;,

oF - oF
a’j Lo A (w a“ —aredK NL)Jye , (1S, (42)
the advection matrid , (v) is now given by
Ap(v) = 1y () + Jy ) Cp() Ty () 7L, (43)

where J,(v) = 0F(v) - v/dv is the normal Jacobian matrix ar@, (v) = C(v) - v = Z?dzl Cj(v)v/ is the normal non-
conservative matrix.

The starting point of the discretization of the nonconservative product in (39) is a constant approximatipfv)oby
C(vk) on each control volume. A formal Taylor expansionm L gives

gL W) (v(o, 1) —vg) = F(v(o,1) - vk, — F(vg) - vk L (44)

and leads, for approximatingj, Z'}il Cj (v)é"—fj dx, to the formula

Z areaKﬂL)EK’L(QD(l)K,vL,K,L)—F(UK)~VK’L) (45)
LeN(K)
with Eg 1 = Cog, (VK)o (vg) L.
Finally from the introduction of? (vg , K, 32), an approximation of the conservative flux on the boundary that is discussed
in the next section, and from an easy extension of the previous discussion for a control volume that meets the boundary, the
finite volume discretization of (38) yields to the following o.d.e.’s:

voI(K)dg—tK + Z aredK NL)(1d+ Eg 1)(®(vg,vr. K, L) — F(vg) - vk.L)
LeN(K)
+ Z aredk N02) (1 d+ Eg y)(P(vk, K, 382) — F(vg) - vg ) = Vol(K)S(vk) (46)
ared KNas2)#0

with Eg 50 = Cug (Vi) Jug (vg)~Landvg the unit normal tak N 82 that points outside?.
3.3. Discretization of the boundary conditions

Let us study the extension of our method in the nonconservative case. Exactly as for the conservative case, we have to find
the numerical flu® (vg, K, 0§2) that approximateg'[mm F(v(o,1)) - vg do. Here the linearization around the statsetill
reads (24) but this time the advection mattix, is

Al)[( =JVK(2)+CVK(2)7 (47)

which is equivalent to the matriﬁv,((y). As in the conservative case, there are two different situations. The first one (the
non-characteristic case) refers to the case where the ragjixs invertible, while the second one refers to the complementary
case.
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3.3.1. The noncharacteristic case

Let us assume that the eigenvalugsv, vg) of A, , which are also the eigenvaluesﬁ,( (v), are

VK
A(v,vg) S A2(2, vg) <o SAx (2, vg) <0<y 1(0,vg) -+ < Am (2, V).

Then like in the conservative case, we have to discuss according to the valu&loére is no change for the cases= 0 and
x =m. In the case K y < m — 1, the discussion is exactly that of Section 2.4.1. There is only one difference, we take for
hi(), k=x+1,...,m,

he(v) =T (v, vg) - (F) - vg ) — (v, vg) - (F(og) - vk ), (48)

but this timel; (v, v) denotes a left eigenvector e?UK(g) defined by (43), this choice being justified by the approximate
convection equation (42) for the normal flux.

3.3.2. The characteristic case
Here we label the eigenvalues of the mattix, as follows:

A(v,vg) < <Ay (2, vg) <0< Ay qpnogra(v, vg) - < Am (v, Vi),
Ay41(v, vg) =+ = Ay+no(v,vg) =0.

Againng > 1 denotes the dimension of the kerneldf, . There is no change for the cage= 0. In the case X x <m — 1,
the discussion is exactly that of Section 2.4.2. There is again only one difference, we take agairk{@pXisethe functions
given by (48).

4. Applicationsand implementation in CFD
4.1. On the effective normal flux at the boundary and on the choige of

In the two previous sections, we have exposed a general principle for obtaining the normal flux at the boundary. In this
section, our goal is to provide the complementary steps that allows one to turn this principle into lines of code. We first propose
a practical point of view for themplementation of our boundary condition treatmems investigate the numerical resolution to
the central nonlinear system of equation and we discuss the choic&\&f limit ourselves to the conservative case since there
are no major differences to this respect with the nonconservative case.

Let us summarize the proposed methodX Ifs a control volume that meets the boundary, we take at the boundary the
following normal flux

P(vg,K,002)=, (49)
where@ satisfies the following nonlinear system of equations (here we assumeithgitven)

gr(w)=0, k=1... x,
(v, vg) - @ =L (v, vg) - (Fug) -vg), k=x+1....m, (50)
P =F(@)-vg.

In practice, the flux¥(v) - vk can be seen (at least in general) as a “small” perturbatidi(of ) - v and system (50) can be
written in a parametric way:

X
®=F(g) vk + Y exri(vvg),

k=1
(€1,...,€x) e RX such thag (v) =0fork =1,..., x.

(51)

This system is a nonlinear systemmft x equations withn 4 x unknowns (for instance the componentsfoand thee) and

it is solved by a few iteration of the Newton—Raphson method. Theorem 1 guarantees that the Jacobian matrix is invertible.
Let us now investigate the choice @fFrom Theorem 1g;(v) fork=1,..., x andh;(v) fork=x +1, ..., m have to be

“sufficiently small”. Therefore the best choice should be the stasmlution to the system (28)—(32) for whigh andh;, are

zero. But since is a priori unknown and since the computation of the eigenelements of the malgixs complex, in practice

an “easily computed” approximation ofis used. Sa is taken equal to the interior state= vg . However, from a practical

point of view, it may be more interesting to use other approximations as we are going to illustrate it now.
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4.1.1. Boundary conditions at infinity

Let us discuss the case where the physical domain is unbounded, for example the case of an external flow. For practical
reasons, the computational domain must be bounded asdetids to introduce a boundary, which is called the boundary
at infinity. On this boundary denoteliy,, we consider that the physical data correspond to a given statelso called the
free-stream state. Let us remark that if the boundary is not sufficiently far then a numerical boundary has to be determined
and this issue is discussed in Section 4.1.2. For a control volume that meets the balipdamg have to find the normal
flux @ (vg, K, I'so) that approximate%mrw F(v(o,1)) - vg do. We propose to chose equal tovso, then to compute the
eigenvalues. (veo, Vg ) Of Ay (Vo) and to take in the conservative case

Pk, K. Ioo)= Y (oo, vg) - (F(voo) - vg )1k (Voo vK)
k/ k (Voo,vK) <0
+ Z Ik(voo, vg) - (F(vg) - vg )1k (oo, Vi ). (52)

k/)tk(voo,VK)>0
This approach is different from taking
D (vk, K, I'o) = F(ve0) * vk - (53)

In the case where the code is run in order to find a steady state (i.e. a solution Bfv) = 0), it is clear that close to
convergence, formulation (52) and (53) for the normal flux at infinity will give almost the same results. However during
transients, formulation (52) is better.

4.1.2. Numerical boundary conditions

In Section 4.1.1, it was assumed that the boundagy was sufficiently far, in order to takes, on this boundary as if
it was at infinity. If the truncation of the domain affects the value on the bounfiasy(by taking a smaller computational
domain), therefore one has to modify the previous boundanglition (52) in order to get mre accurate boundary condition
at infinity. A possible method consists in correcting the stateinto an other state sajs,. This has to be done via ad hoc
procedure depending on the system. For instance in the case of an internal flow, oneigbthyniinearizing the Euler system
(Application 2) and by using the so called far field correction (see e.g. Chapter 19.3 of Hirsch [7]). Once thg statebeen
chosen, we replace (52) by

Pk, K. Too)= Y, I(Boo, vk) - (F(io0) - vig )i (B0, V)
k/ M (Voo,vE) K0
+ Y oo, vg) - (Fog) - vk )i (Boo, vE)- (54)

k/A i (Voo,vE)>0

Remark 4. Let us remark that the following numerical boundary condition
P (vg,K,00)=F(vg) - vk, (55)

can be implemented in at least two cases where numerical boundary reduces the computational domain: the case where the
solution is symmetric with respect to an hyperplane and the case where the system does not depend on one of the space
variables (e.g. one-dimensional computation with a two-dimensional code).

4.2. Applications to single fluid models

In this section, we discuss the issue with the multidimensional Euler system for inviscid fluids, which is described in
Application 2.

4.2.1. The case of sutmsic inlet bounday condition

Let us first address to the case where on a part of the boundaflutth goes inside the domain at a subsonic speed, that
is —c < u -vg < 0. We need one information that comes from inside2ofind we have to prescribe = nd + 1 boundary
conditions. In general one prescribes the direction of the flow on the boundaryd.e« wherex is a unit vector which makes
an obtuse angle withg with o - vg < 0 and whereu is a positive number such thaix - vg u < ¢. Giving @ amounts to give
nd — 1 conditions and therefore it remains to grabe two supplementary boundary conditions.

81(v) =0, g2(v) =0. (56)
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Table 1
Inlet boundary condition: values of, determinant in Theorem 1
Variable g1(v) g2(v) A
Thermodynamic P —pPin €—éin —zé—g
Thermodynamic & velocity  p — pin 4 —ujn 0
P 2
p—pin  u—uin T
h—hin  u—uin e
Thermodynamic & mass flow p — pin  pu — (pu)in  uc
k
e—ein  pu—(pwin uc—c?+ %
Entropy & enthalpy s—sin  H-— Hp c—u -
Table 2
Outlet boundary condition: values df, the determinant in Theorem 1
Variable g1(v) A
Pressure P — pout 2
Velocity U — Uout —%
Mass flux pu — (pu)out u :g
22 +3yu?
Temperature (perfect gas) T — Tout “6Cun
Total enthalpy H — Hout 3@;—”
Entropy s — Sout 0o

In the case where the flow is normal to the boundary, accordirfidheorem 1, the local solvdity of (28)—(32) is reduced to
the condition

m
; g1
det (v, vg)—=(v 0. 57
1<k,z<z(,.=1 (v K)avl_(_)) - (57)
Denoting byA this determinant, its values are gathered in Table 1 depending on whether thermodynamic variables, velocity or
enthalpy are imposed. All combinationfconservative and primitive varialdean be selected as plga boundarycondition

with the exception of the well known pair composed of the velocity and the pressure. Let us observe that the often used pair of
stagnation temperature and pressure is equivalent to the entropy and total enthalpy pair, which is displayed in the last line of the
table.

4.2.2. The case of subsearoutlet bounday condition

Usually at a subsonic outlet where<Qu - vk < ¢ and where we haved + 1 information that come from inside ¢ and
x =1, itis standard to impose the pressure, that is to take) = p — pout Where pout is a given pressure. Theorem 1 yields
thatg2 is different from 0, an obvious fact. One can also wish to impose another quantity like velocity, mass flux, temperature,
etc and we obtain the following results gathered in Table 2. These results show that indeed it is appropriate to impose either the
pressure or the velocity, which are the most often imposed condition respectively for internal flow and for external flow. The
entropy cannot be prescribed but it is also possible to fix the temperature, the mass flux or the total enthalpy. However in these
two last cases, an instability may occur if the flow becomes critical (sonic point) at the outlet.

4.2.3. The case ofall boundary ondition
On a wall, the normal velocity of the fluid- vk is equal to zero. Hence the normal fliXv) - vk is equal to
F()-vg = (0, pvg,0). (58)

Therefore, to determine the flk(vg, K, 352), we only have to find the unknowp. Let us notice that it is much simpler and
much more physically relevant to try to find the normal flux on the boundary rather than the varialile ou, oE).

According to the value of the eigenvalues, only one, narhgly 2(v, vk ) = c, is positive. Then only one information comes
from insides2 and if we follow our strategy, we have to impose (37) which reads

lnd+2(2’ UK) : (0» PVK, 0) = lnd+2(2» VK) . (F(UK) . VK)~ (59)
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If v consists in the interior staig , then pressurg is automatically given by the explicit formula
_ lnat2(vk, vK) - (F(vg) - vK) (60)
lnay2(vg,vg) - (0,vk, 0)
that is (where the indexiequantities orrespond tag )

2
PKCK UK " VK

KK (61)
cxk —kgug -vg

pP=PK +

Remark 5. For a polytropic gas, for which the EOSjs= (y — 1)pe wherey > 1 is a given constant, we have=y — 1 and

2= %p. Then formula (61) reads as

u -V
psz(1+ . VUK UK > (62)
ck — (v —Dug -vg

4.2.4. Comparison between the Riemann invariant technique and our method

As itis well known, the Riemann problem for one-dimensional hyperbolic equations has played a very important role for the
numerical computations of its solutions. Although, up to now, this strategy has not been generalized to higher space dimensions
(even on Cartesian meshes and for linear equations, the solution to the Riemann problem is not simple to obtain and no closed
formulas are available), multidimensional problems benefit from one-dimensional ones by considering at each interface the
normal equation. Nevertheless at a boundary, it is not possible to solve the classical Riemann problem since the exterior state
is not known. Then (see the monograph by Godlewski and Raviart [5] and references therein) some strategies are proposed to
overcome these difficulties. For instance, the technique deedlby Dubois [19] consists in safg an “incomplete” Riemann
problem. For a case wherely < m — 1 i.e. wherey information are entering into the domain, this strategy aims at solving
the projection of (5) on the normal direction:

v dF()-v
L@ vk

— 0 63

ot x ’ (63)
with the initial data

v(x,00=v forx <0 and v(x,O0) satisfieq28) for x >0 (64)

and where we assume that= vg . The “incomplete” Riemann problem method consists then in finging 1 intermediate
statesuy, ..., iy —1 such thaw is connected tq:; through a 1-simple wavey; is connected tqu through a 2-simple wave,
..+ y—1 is connected t@ through ay -simple wave. We can rewrite these conditions, with=v anduy =v, as

Wiue—) = Wi, k=1,...m—-1€=1,...x, (65)

where{W,f}kZl ,,,,, m—1 is a family of m — 1 independent-pseudo Riemann invariants (in the vicinity o). The system
(28)-(65) is made ofz x x scalar equations for x x scalar unknowns: the coordinates;of, ..., uy (provided the pseudo
Riemann invariants have been computed). Let us emphasize that the method we propose in this paper replaces the system (65)
by the system (32) of: — x equations. Hence our method appears to be much simpler than the one that uses an incomplete
Riemann problem. In a certain sense, (32) provides an approximation for the solution of (65).

Let us study now the relationship between these two systems for a typical example. We consider the cage-wherd
that is the case where — 1 information are entering into the domain and which occurs e.g. in the context of fluid dynamics for
a subsonic inlet. We are able to prove (Ghidaglia and Pascal [18]) the following theorem that confirms numerical experiments
with subsonic inlet and oulet where we observed a tiny difference between the results obtained by the two methods.

Theorem 2. Givene > 0, the set of solutions € G satisfying|lv — v|| < e and(32)i.e. corresponding to our method and the set
of solutionsv € G satisfying||v — v|| < € and (65) with ||u; — v|| < € i.e. that corresponds to the incomplete Riemann solution
are tangent ab to the hyperspace orthogonal k9 (v, vg).

4.3. An application to a two fluid model

4.3.1. Anisentropic model
An isentropic version of the system (1)—(3) can be obtained as follows. Introducing the specific entropy of thesfluid
defined by

Ty dsy = deg. — £ doy. (66)
Pk



14 J.-M. Ghidaglia, F. Pascal / European Journal of Mechanics B/Fluids 24 (2005) 1-17

andassuming that there is no production of entropy into the shdefis(3) leads to

BICTYIR Up — U ;
M"‘V'(akpkskuk):%‘f'(uuk‘Fsk)Fk- (67)
ot Ty Ty
In the case of absence of mass transfers between the two fljiiés @) and of heat transferg);, = 0), these equations read as
9 (g Pk Sk)
—————— + V- (agpgsigur) =0. (68)

at
In view of (1) and (68), we can have solutions with constant entropies i.esw#hdso constant. The system then reduces to
Egs. (1), (2) and the equations of states are replaced by isentropiaiigsp;) =0 fork =1, 2.
For the sake of simplicity in the exposition, let usncentrate on the followig simplified system:

3 (akpr)

YRR V- (e prug) =0, (69)
BICTYIATA)
% + V- (g (prur @ ug + pl d)) — pVayg = axprg + My, (70)

with the two equations of states and where we only take into account interfacial pressure in the momentum transfer. Hence the
forcesM;, which satisfyMq + M» = 0 readsMj, = —(p — pinterface Vo for k = 1, 2 where as Bestion [20], we take
wm —up)?. (71)
102 +azp1
The order of magnitude of the parametas about 1 and its role is to allow the system (69), (70) to be hyperbolic.

This system has already the nonconservative form (4) provided wenthke8, m = 8, uy, € R3, v = (a1p1, ¥1p1U1, 2202,
appouz) and

(P — Pinterface =6

F(v) o= (a1p1(u1 - ®), 01p1(u1 - o)ug +a1(p — m)w, a2p2(uz - ©), agpa(uz - w)ug + az(p — w)w),

Yo € ]Rs, (72)
3 av
> Cj@)3—=(0,—~I'Vay,0,~I'Vay), (73)
j=1 !
S() = (0, 1018, 0. a2028). (74)

whereg denotes the gravity; = 7 (¢) is a time-dependent function chosen as in [16] in order that the Jacobian thatrixis
invertible and finally we have denoted

o1
[=p—n—s2A220102 (. _ )2 (75)
a1p2 +a201

Remark 6. The relation (73) does not give explicitly the matrices(v). In order to obtain these quantities, we have to compute

the derivativeslay /dv ;. This is done by using the (EOS) as follows. The system allowing to computgthad p from the
components of is

v v

o1 +ap=1, g1<p,—1>=o, gz(p,—5> =0. (76)
ol az

The differentiation of this system with respect to thes will then produce a linear system for they /dv; .

4.3.2. On the determination of the normal flux at the boundary

In order to apply the characteristioundary conditions (3.3.1), we have to construct the Jacobian nyatexA, (v) —
C, (v). Let us denote by©) = dg/dv, then we havet, (v) =

0 v 0 0
arpDv —uq -vuq U1 ®v—+uq-vld arp®v 0
0 0 0 v
arpDy 0 a2p®v —us vy up ®v+up-vld
and
0 0

oDy a®y
C,(w=-I1]1 1 77)

1

0[2 v (5)

0[21)
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According to the method of this article, we have to find the eigensystem of the mat(i3, see (43). In fact the analytical
expressions for the eigenelements of this 8 by 8 matrix is available but it is not numerically efficient to make use of these
formulas. Let us explain why and describe what is done in practice. Due to the physical origin of this systerandus - v
are eigenvalues with multiplity equal to 2 each. Hence the degree 8 characteristic polynaPrial = det(A, (v) — Al d)
can be factorized aB(A) = (uq-v — A)Z(uz SV — A)ZR(A) whereR is a degree 4 polynomial. The 4 remaining eigenvalues
can be found by analytical expression (using e.g. Maple). Once these eigenvalues are determined, the eigensystem follows by
simple algebraic computations. Although leading to exact values, this method is not numerically efficient and the reason for
this is two fold. First these analytical expressions involve a very large number of operations (divisions and algebraic roots in
the complex plane). Second, and more important, they are very sensitive to round off errors. The strategy we recommend (and
use ourselves) in practice consists in making use of Newton’s algorithm for finding the two “large” ra@tdrafeed from
the physical background of the problem, we expect thatas two real eigenvalues- v — ¢ andu - v + ¢ with ¢ > |u|. These
eigenvalues are well isolated from the others and therefore Newton’s algorithm is fast and robust. Moreover it involves only
the 4 basic operations. Once these two eigenvalues are determined, the two remaining eigenvalues are the solutions to a known
degree 2 equation ik and this time the analytic expression for its roots are used. Once the eigensysigi)pfs obtained,
the determination of the normal flux at the boundary follows Section 3.3.

5. Conclusions

In this paper we have presented a general method for impd®undary conditions in the context of hyperbolic systems of
conservation laws. This method is particularly well suited for approximations in the framework of Finite Volume Methods in
the sense that computes directly the normal flux at the boundarhis method igeneralsince it only relies on the hyperbolic
character of the system and neither on its conservative form rephisticated and sometimes numerically expansive tools like
Riemann’s solvers or Riemann’s invariant. However when such objects are available, our method is faster at the same precision.
Our method is mathematically founded (Theorem 1) and easyteiment. Moreover it conséils physical boundary conditions
as natural inputs. We have given some material that indeed allows to achieve to the actual coding of our method in the main
applications in Fluid Mechanics. Concerning numerical resulesrefer the reader to the report Ghidaglia and Pascal [18].

Appendix
A.1. Eigenvalues for Application 1

For the ideal magnetohydrodynamics equations, the matsigw) is

0 w 0 0
Kw—u-owu UQw—koQ@u-+tu-wld kw 1-kw®B—-B-wld
2 2
—2”"”%+(1<—H)u.w (H+%)w—k(u.w)u A+bu-0 @QA—ku-wB—B-wu
B‘a)u;Buw B®w7pB~w| d 0 u-wld

and the eight real eigenvalues are as follows:

B-w
M, 0)=u-0—|olcy <A2W,w)=u-w—|ovlc- <A3v,0)=u-© — ——

NG
B -w
<A, 0) =A5(v,0)=u-w < Ag(v,0)=u -0+ ——
NG

<A7T(v,0) =u-w+|ovlc— <Aglv, ) =u -0+ |o|c+,

where

1 B2 BI2\? 4c2(B-w)?
oL 62+ui\/(cz+u> 4B
o P

0

The analytical expression of the corresponding eigenvectors can be found in Ghidaglia and Pascal [18].
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A.2. Eigensystem of Application 2

For the multidimensional Euler system, the mattix(v) is found to be equal to

0 w 0
AW =| Ko—(u-o)u uQuw—-koQu-+u-wld kw ,
(K—H)u-w Hw—k(u-w)u A+ku-w
where
1/9 3 2
k=—(2Y) = [(22), H=e+£+ﬂ, K=c2+k(|u|2—H).
pT \0s/, /s p 2

Note that according to the second principle of thermodynamics, we(@ay@p); > 0. Then the eigenvalues df, (v) are as
follows:

MW, ) =u-o—|olc <A, w) = =Andt+1(V, @) =u - < Apg+2(v, 0) =u - 0 + |o|c.
Now if £21,..., £2nd—1 denotes an orthonormal basis of the hyperplane orthogona] tee right eigenvectors can be taken
equal to

Vl(v,w)=(1,u—cﬁ,H_u.£C)’

rna2(v, ) = (Lu+ e, H +u - 3c),

r2(v, w) = (l,u, H— ‘;,(_2),

r3(v, @) = (0,21, u - 21), ..., rpgr1(v, ®) = (0, 2ng_1, 1 - 2ng—1)-
The dual basis of théy (v, @) k=1, 442 is then

(0, 0) = 55 (K + L2, —ku — £ k),

lw]

Ind2(v, ) = 55 (K — e, —ku + 25, k),
lo(v, @) = % (H — |ul?,u, -1),

13(v7 C()) = (_M : Ql? 917 0)7 R lnd+1(v, Cl)) = (_u ) ‘Qnd—l’ Qnd—l’ O)
A.3. Eigensystems of Applications 3, 4 and 5

For the isentropic multidimensional Euler equations (Application 3) the matiw) is

0 w
A = .
(V) (czw—u~wu u®w+u~w|d>
The eigenvalues are as follows,
M, 0)=u-w—|olc <A, 0) = =Aind(v,0) =u - < Apg41(v, @) = u - 0 + |ow|c.

If £21,...,2nd—1 IS an orthonormal basis of the hyperplane orthogonab,téhe right eigenvectors associated to these
eigenvalues can be taken equal to

[o]
r2(v, w) = (0, £21), ..., md(v, @) = (0, 2nd-1)-
The dual basis of they (v, w))r=1,. . nd+2 iS then

{rl(v,w) = (1, u— cﬁ),rndJrl(v, w) = (1, u+ ci),

{ll(v,w) =2 (c+ E—te)s Ingra(v.w) = E(c— Bre o)
lp(v,w) = (—u-21,21),...,Indv, 0) = (—u - £nd-1, 2nd-1)-

Concerning Application 4 one has simply to take into the previous formukasg while for Application 5 one takes

c=./gh.
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